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Norms on the cohomology
of hyperbolic 3-manifolds
Jeffrey F. Brock and Nathan M. Dunfield
Abstract. We study the relationship between two norms on the first cohomol-
ogy of a hyperbolic 3-manifold: the purely topological Thurston norm and the
more geometric harmonic norm. Refining recent results of Bergeron, S¸engün,
and Venkatesh as well as older work of Kronheimer and Mrowka, we show that
these norms are roughly proportional with explicit constants depending only on
the volume and injectivity radius of the hyperbolic 3-manifold itself. Moreover,
we give families of examples showing that some (but not all) qualitative aspects of
our estimates are sharp. Finally, we exhibit closed hyperbolic 3-manifolds where
the Thurston norm grows exponentially in terms of the volume and yet there is a
uniform lower bound on the injectivity radius.
1 Introduction
Suppose M is a closed oriented hyperbolic 3-manifold. Our main goal here is to
understand the relationship between two norms on H 1(M ;R): the purely topologi-
cal Thurston norm and the more geometric harmonic norm. Precise definitions of
these norms are given in Section 2, but for now here is an informal sketch.
The Thurston norm
∥∥φ∥∥Th of an integral class φ ∈ H 1(M ;R) measures the topo-
logical complexity of the simplest surface dual to φ; it extends to all of H 1(M ;R)
where its unit ball is a finite-sided polytope with rational vertices. It makes sense
for any 3-manifold, though unlike in the hyperbolic case where it is nondegenerate,
there can be nontrivial φ of norm 0. While it was introduced by Thurston in the
1970s [Thu2], its roots go back to the early days of topology, to questions about the
genus of knots in the 3-sphere, and it has been extensively studied in many contexts.
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2Turning to geometry, as with any Riemannian manifold, the hyperbolic metric
on M gives a norm on H 1(M ;R) which appears in the proof of the Hodge theorem.
Specifically, if we identify H 1(M ;R) with the space of harmonic 1-forms, then the
harmonic norm ‖ · ‖L2 is the one associated with the usual inner product on the
level of forms: 〈
α,β
〉= ∫
M
α∧∗β
As it comes from a positive-definite inner product, the unit ball of ‖ · ‖L2 is a nice
smooth ellipsoid. The harmonic norm appears, for example, in the Cheeger-Müller
formula for the Ray-Singer analytic torsion of M [Che, Mül].
By Mostow rigidity, the hyperbolic metric on M is unique, and so a posteriori
the harmonic norm depends solely on the underlying topology of M . It is thus very
natural to ask how these two norms are related. Kronheimer and Mrowka seem
to have been the first to study this question in the more general context of arbi-
trary Riemannian metrics on M ; specifically, using deep results from gauge theory,
they characterized the Thurston norm as the infimum (over all possible metrics)
of certain scaled harmonic norms [KM2]. Their results have specific consequences
for any given metric including the hyperbolic one; see Section 5.1 for a complete
discussion. More recently, Bergeron, S¸engün, and Venkatesh [BS¸V] examined the
relationship between these two norms in the case of the hyperbolic metric. There,
motivated by questions about torsion growth in the homology of arithmetic groups,
they proved the following beautiful result:
1.1 Theorem [BS¸V, 4.1]. Suppose M0 is a closed orientable hyperbolic 3-mani-
fold. There exist constants C1 and C2, depending on M0, so that for every finite
cover M of M0 one has
C1
vol(M)
‖ · ‖Th ≤ ‖ · ‖L2 ≤C2‖ · ‖Th on H 1(M ;R). (1.1)
In fact, their proof immediately gives that the constants C1 and C2 depend only on a
lower bound on the injectivity radius inj(M0), which is half the length of the shortest
closed geodesic. Our main result is the following refinement of Theorem 1.1:
1.2 Theorem. For all closed orientable hyperbolic 3-manifolds M one has
pip
vol(M)
‖ · ‖Th ≤ ‖ · ‖L2 ≤
10pi√
inj(M)
‖ · ‖Th on H 1(M ;R). (1.2)
We also give families of examples which show that some (but not all) qualitative
aspects of Theorem 1.2 are sharp. The first proves that the basic form of the first
inequality in (1.2) cannot be improved:
31.3 Theorem. There exists a sequence of Mn and φn ∈H 1(Mn ;R) so that
(a) The quantities vol(Mn) and inj(Mn) both go to infinity as n does.
(b) The ratio ‖φn‖Th‖φn‖L2
p
vol(Mn )
is constant.
The next result concerns the second inequality of (1.2), and shows that the har-
monic norm can blow up relative to the Thurston norm when the injectivity radius
gets small.
1.4 Theorem. There exists a sequence of Mn and φn ∈H 1(Mn ;R) so that
(a) The volumes of the Mn are uniformly bounded and inj(Mn)→ 0 as n →∞.
(b)
∥∥φn∥∥L2/∥∥φn∥∥Th →∞ like√− log( inj(Mn)) as n →∞.
The growth of
∥∥φn∥∥L2/∥∥φn∥∥Th in Theorem 1.4 is much slower than the most extreme
behavior permitted by the second inequality in (1.2). We suspect that the examples
in Theorem 1.4 have the worst possible behavior, but we are unable to improve (1.2)
in that direction and believe doing so requires an entirely new approach.
1.1 Manifolds with large norms. A very intriguing conjecture of [BS¸V] is that for
congruence covers of a fixed arithmetic hyperbolic 3-manifold M0, the size of the
Thurston norm grows more slowly than one would naively expect. Specifically, any
cover M of M0 should have a nontrivial φ ∈ H 1(M ;Z) where
∥∥φ∥∥Th is bounded by a
polynomial in vol(M); in contrast, the usual estimates using a natural triangulation
of M give only that there is a φ with
∥∥φ∥∥Th is at most exponential in vol(M). More
generally, such estimates give that for any ² > 0 there is a contant C so that any
closed hyperbolic 3-manifold M with inj(M) > ² and H 1(M ;Z) 6= 0 has a nontrivial
φ ∈ H 1(M ;Z) where ∥∥φ∥∥Th < C vol(M). Our other contribution here is to show that
such a priori estimates on the size of the Thurston norm cannot be substantially
improved. Specifically, we give examples of closed hyperbolic 3-manifolds where
the Thurston norm is exponentially large and yet there is a uniform lower bound on
the injectivity radius.
1.5 Theorem. There exist constants C1,C2,²1 > 0 and a sequence of closed hyper-
bolic 3-manifolds Mn with vol(Mn)→∞where for all n:
(a) inj(Mn)> ²1,
(b) b1(Mn)= 1,
(c)
∥∥φn∥∥Th >C1eC2 vol(Mn ) where φn is a generator of H 1(Mn ;Z).
4Presumably, though we do not show this, the examples in Theorem 1.5 are nonar-
ithmetic, and so point toward a divergence in behavior of the regulator term in the
analytic torsion in the arithmetic and nonarithmetic cases, which is consistent with
e.g. the experiments of [BD, §4].
1.2 Proofhighlights. The arguments for the two inequalities of (1.2) in Theorem 1.2
are mostly independent. For the first inequality, we take a quite different approach
from that of [BS¸V]. Namely, to mediate between the topological Thurston norm
and the analytical harmonic norm, we study what we call the least-area norm. For
an integral class φ ∈ H 1(M ;Z), this norm is simply the least area of any embedded
smooth surface dual to φ. Using results on minimal surfaces of Schoen and Uh-
lenbeck, we show this new norm is uniformly comparable to the Thurston norm in
the context of hyperbolic 3-manifolds (Theorem 3.2). Also, an argument using the
coarea formula in geometric measure theory allows us to reinterpret the least-area
norm as the L1-analog of the L2-based harmonic norm (Lemma 3.1). With these
connections in place, the first inequality of (1.2) boils down to simply the Cauchy-
Schwarz inequality.
In contrast, our proof of the second inequality in (1.2) follows the approach of
[BS¸V] closely. The key improvement is a refined upper bound on the L∞-norm of
a harmonic 1-form in terms of its harmonic norm. The latter result is Theorem 4.1
and is proved by a detailed analysis of the natural series expansion of a harmonic
1-form about a point inH3.
For the examples, Theorem 1.3 uses a simple construction involving finite cov-
ers, and Theorem 1.4 is based on Dehn filling a suitable 2-cusped hyperbolic 3-man-
ifold. Finally, the proof of Theorem 1.5 involves gluing together two acylindrical ho-
mology handlebodies by a large power of a pseudo-Anosov; as with our prior work
on integer homology spheres with large injectivity radius [BD], the key is controlling
the homology of the resulting manifolds.
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52 The harmonic and Thurston norms
2.1 Conventions. Throughout this paper, all manifolds of any dimension are ori-
entable and moreover oriented. All cohomology will have R coefficients unless
noted otherwise.
2.2 The harmonic norm. For a closed Riemannian 3-manifold M , the natural pos-
itive-definite inner product on the spaceΩk (M) of real-valued k-forms is given by〈
α,β
〉= ∫
M
α∧∗β where ∗ is the Hodge star operator.
The harmonic representative of a class [α] ∈H k (M) is the unique one that minimizes
〈α,α〉; equivalently, if ∆= dd∗+d∗d is the Hodge Laplacian, it is the representative
where∆α= 0. Thus the cohomology H k (M) inherits the above inner product via the
identification of it with the subspace of harmonic forms. The corresponding norm
on H k (M) is, by definition, the harmonic norm ‖ · ‖L2 discussed in the introduction.
Equivalently, it is defined by∥∥φ∥∥L2 = inf{‖α‖L2 ∣∣ α ∈Ωk (M) represents φ} (2.1)
For a 1-form α on M , a useful geometric viewpoint on ‖α‖L2 is the following.
For a point p in M , denote the operator norm of the linear functionalαp : Tp M →R
by
∣∣αp ∣∣; equivalently ∣∣αp ∣∣=√∗(αp ∧∗αp)which is also just the length of αp under
the metric-induced isomorphism of T p M → Tp M . The harmonic norm of α is then
simply the L2-norm of the associated function |α| : M →R≥0 since
‖α‖L2 =
√∫
M
α∧∗α=
√∫
M
|α|2 dVol (2.2)
Analogously, we define the L1- and L∞-norms of the 1-form α as
‖α‖L1 =
∫
M
|α| dVol and ‖α‖L∞ =max
p∈M
∣∣αp ∣∣. (2.3)
2.3 The Thurston norm. For a connected surface, define χ−(S) = max
(−χ(S),0);
extend this to all surfaces via χ−
(
SunionsqS′)= χ−(S)+χ−(S′). For a compact irreducible
3-manifold M , the Thurston norm of φ ∈H 1(M ;Z)∼=H2(M ,∂M ;Z) is defined by∥∥φ∥∥Th =min{χ−(S) ∣∣ S is a properly embedded surface dual to φ}
The Thurston norm extends by continuity to all of H 1(M), and the resulting unit
ball is a finite-sided rational polytope [Thu2]. When M is hyperbolic, the Thurston
norm is non-degenerate with
∥∥φ∥∥Th > 0 for all nonzero φ; in general, it is only a
seminorm.
63 The least area norm
To mediate between the harmonic and Thurston norms, we introduce two addi-
tional norms on the first cohomology of a closed Riemannian 3-manifold M , namely
the least-area norm and the L1-norm. In fact, these two norms coincide, but the
differing perspectives they offer are a key tool used to prove the lower bound in
Theorem 1.2.
For φ in H 1(M ;Z), letFφ be the collection of smooth maps f : S → M where S
is a closed oriented surface with f∗([S]) dual to φ. The least area norm of φ is∥∥φ∥∥LA = inf{Area( f (S)) ∣∣ f ∈Fφ }
By standard results in geometric measure theory, the value
∥∥φ∥∥LA is always realized
by a smooth embedded surface S ⊂ M , whose components may be weighted by in-
teger multiplicities; see e.g. [Has1, Lemma 2.1] for details. We will show below that
‖ · ‖LA is a seminorm on H 1(M ;Z) which extends continuously to a seminorm on all
of H 1(M).
In analogy with (2.1), we use the L1-norm on 1-forms given in (2.3) to define the
following function on H 1(M):∥∥φ∥∥L1 = inf{‖α‖L1 ∣∣ α ∈Ω1(M) represents φ}
Unlike the harmonic norm, the value
∥∥φ∥∥L1 is typically not realized by any smooth
form α. Despite this, it is easy to show that ‖ · ‖L1 is a seminorm on H 1(M). As
promised, these two new norms are in fact the same:
3.1 Lemma.
∥∥φ∥∥LA = ∥∥φ∥∥L1 for all φ ∈H 1(M ;Z).
Note that one consequence of Lemma 3.1 is the promised fact that ‖ · ‖LA extends
continuously from H 1(M ;Z) to a seminorm on all of H 1(M).
Proof. To show
∥∥φ∥∥LA ≥ ∥∥φ∥∥L1 , let S be a smooth embedded surface dual to φ of
area
∥∥φ∥∥LA. For each ² > 0, consider a dual 1-form α² which is supported in an
²-neighborhood of S and is a slight smoothing of 12²d
(
signed distance to S
)
there.
An easy calculation in Fermi coordinates shows that ‖α²‖L1 → Area(S) =
∥∥φ∥∥LA as
²→ 0, giving ∥∥φ∥∥LA ≥ ∥∥φ∥∥L1 .
To establish
∥∥φ∥∥LA ≤ ∥∥φ∥∥L1 , let α be any representative of φ. Since φ is an in-
tegral class, by integrating α we get a smooth map f : M → S1 so that α = f ∗(dt),
where we have parameterized S1 = R/Z by t ∈ [0,1]. For almost all t ∈ [0,1], the set
St = f −1(t ) is a smooth surface. For all t , we define Area(St ) to be the 2-dimensional
7Hausdorff measure of St . As the operator norm |α| is equal to the 1-Jacobian of the
map f , the Coarea Formula [Mor, Theorem 3.8] is precisely∫
M
|α| dVol=
∫ 1
0
Area(St ) dt (3.1)
Since a function on [0,1] is less than or equal to its mean on a set of positive mea-
sure, there are many t so that St is smooth and Area(St )≤ ‖α‖L1 . Taking the infimum
over representatives α of φ gives
∥∥φ∥∥LA ≤ ∥∥φ∥∥L1 as desired.
3.1 Relationship with the Thurston norm. When M is hyperbolic, the least area
norm is very closely related to the Thurston norm:
3.2 Theorem. For any closed hyperbolic 3-manifold M and φ ∈H 1(M) one has:
pi
∥∥φ∥∥Th ≤ ∥∥φ∥∥LA ≤ 2pi∥∥φ∥∥Th (3.2)
The moral behind this result is that stable minimal surfaces in hyperbolic 3-mani-
folds have uniformly bounded intrinsic curvature [Sch], and hence area and genus
are essentially proportionate. Specifically, we will use the following fact, which was
first observed by Uhlenbeck [Uhl] in unpublished work.
3.3 Lemma. For any stable closed minimal surface S in a hyperbolic 3-manifold:
piχ−(S)≤Area(S)≤ 2piχ−(S). (3.3)
Proof of Lemma 3.3. The proof is essentially the same as [Has2, Lemma 6], which
you should see for details. As S is minimal, its intrinsic curvature K : S → R is
bounded above by that of hyperbolic space, i.e. by −1. In particular, by Gauss-
Bonnet, every component of S has negative Euler characteristic and moreover
2piχ−(S)=−2piχ(S)=
∫
S
−K dA≥
∫
S
1 dA=Area(S)
giving the righthand inequality in (3.3). For the other inequality, since S is stable, the
main argument in [Has2, Lemma 6] with the test function f = 1 gives that piχ−(S)≤
Area(S) as desired.
Proof of Theorem 3.2. Pick a surface S dual to φ which is incompressible and real-
izes the Thurston norm, i.e.
∥∥φ∥∥Th = χ−(S). Since S is incompressible, by [FHS] we
can assume that S has least area in its isotopy class and hence is a stable minimal
surface. Thus by Lemma 3.3 we have∥∥φ∥∥LA ≤Area(S)≤ 2piχ−(S)= 2pi∥∥φ∥∥Th.
8proving the second half of (3.2).
For the other inequality, suppose S is a least area surface dual to φ. Note again
that S must be a stable minimal surface, and so Lemma 3.3 gives
pi
∥∥φ∥∥Th ≤piχ−(S)≤Area(S)= ∥∥φ∥∥LA
proving the rest of (3.2).
4 Pointwise bounds on harmonic 1-forms
Let M be a closed hyperbolic 3-manifold. A key tool used by [BS¸V] in their proof
of both inequalities (1.1) in Theorem 1.1 is that there is a constant C , depending
somehow on the injectivity radius of the hyperbolic 3-manifold, so that
‖ · ‖L∞ ≤C‖ · ‖L2
In our parallel Theorem 1.2, we will use this fact only in the second inequality in
(1.2), after first refining it into:
4.1 Theorem. If α is a harmonic 1-form on a closed hyperbolic manifold M then
‖α‖L∞ ≤
5√
inj(M)
‖α‖L2 (4.1)
4.2 Remark. While the 5 in (4.1) can be improved, it seems unlikely that the expo-
nent on inj(M) can be significantly reduced. If T² is a tube of volume 1 around a
core geodesic of length 2², then there is a harmonic 1-form α² on T² (namely dz in
cylindrical coordinates) so that
‖α²‖L∞
‖α²‖L2
³ (² log(²−1))−1/2
Our proof of Theorem 4.1 starts by understanding how certain harmonic 1-forms
behave on balls inH3 via
4.3 Lemma. If f : H3 →R is harmonic and B is a ball of radius r centered about p
then ∣∣∣df p ∣∣∣≤ 1p
ν(r )
∥∥df ∥∥L2(B) (4.2)
where
ν(r )= 6pi(r +2r csch2(r )−coth(r )(r 2 csch2(r )+1)) (4.3)
9The function ν : R≥0 →R≥0 is a monotone increasing bijection with ν(r )∼ 4pir 3/3 as
r → 0 and ν(r )∼ 6pir as r →∞. The estimate in (4.2) is sharp; in fact, our proof gives
a single harmonic function f for which (4.2) is an equality for all r . Theorem 4.1 will
follow directly from Lemma 4.3 when r is large, but ν(r ) goes to 0 too fast as r → 0
to immediately give (4.1) when r is small.
The missing ingredient needed to prove Theorem 4.1 is the following notion. A
Margulis number for M = Γ∖H3 with Γ ≤ Isom+(H3) is a µ > 0 so that for all p ∈H3
the subgroup 〈
γ ∈ Γ ∣∣ d(p,γ(p))<µ〉
is abelian. For example, µ = 0.1 is a Margulis number for any such M [Mey, Theo-
rem 2], and here we will use that µ= 0.29 is a Margulis number whenever H 1(M) 6= 0
by [CS]. For any fixed Margulis number µ, define
Mthick =
{
m ∈M ∣∣ injm M ≥µ/2} and Mthin = {m ∈M ∣∣ injm M <µ/2}
When M is closed, the thin part Mthin is a disjoint union of tubes about the finitely
many closed geodesics of length less than µ. We will need:
4.4 Lemma. Suppose M is a hyperbolic 3-manifold with Margulis number µ, and
set ²=min{inj(M), µ/2}. Let pi : H3 →M be the universal covering map. If B ⊂H3
is a ball of radius µ/2, then
max
m∈M
∣∣B ∩pi−1(m)∣∣≤ µ
²
(4.4)
We first assemble the pieces and prove Theorem 4.1 assuming Lemmas 4.3 and 4.4.
Proof of Theorem 4.1. We will assume that H 1(M) 6= 0 as otherwise the only har-
monic 1-form is identically zero. Since H 1(M) 6= 0, Theorem 1.1 of [CS] gives that
0.29 is a Margulis number for M . Setting µ= 0.29 and ²= inj(M), there are two cases
depending on how ² compares to µ/2.
First we do the easy case of when ² ≥ µ/2. Let m ∈ M be a point where |αm | is
maximal. Take pi : H3 → M to be the universal covering map and set α˜= pi∗(α). Fix
a ball B ⊂ H3 of radius ² centered at a point p in pi−1(m). As α is harmonic on the
compact manifold M , it is both closed and coclosed; as these are local properties,
the same is true for α˜. As H3 is contractible and α˜ is closed, we have α˜ = df for
some f : H3 → R. Moreover f is harmonic since ∆ f = (d∗ ◦d) f = d∗α˜ = 0. Using
Lemma 4.3 we get
‖α‖L∞ = |αm | =
∣∣α˜p ∣∣≤ 1p
ν(²)
‖α˜|B‖L2 ≤
1p
ν(²)
‖α‖L2
10
where the last inequality follows as pi|B is injective. The inequality (4.1) now follows
from the fact that
p
²/ν(²)< 3.5< 5 for ²≥µ/2= 0.145.
Now suppose ²< µ/2. We take the same setup as before except that B ⊂H3 will
now have radius µ/2. By Lemma 4.4 it follows that
‖α˜|B‖L2 ≤
√
µ
²
∥∥α|pi(B)∥∥L2 ≤√µ² ‖α‖L2
Hence
‖α‖L∞ = |αm | =
∣∣α˜p ∣∣≤ 1√
ν(µ/2)
‖α˜|B‖L2 ≤
√
µ
ν(µ/2)
1p
²
‖α‖L2
As
√
µ/ν(µ/2)≈ 4.78 at µ= 0.29, we have proved (4.1) in this case as well.
Turning to the lemmas, we start with the easier one which follows from a simple
geometric argument.
Proof of Lemma 4.4. We can assume ² = inj(M) < µ/2 as otherwise pi|B is injective
and the result is immediate since the righthand side of (4.4) is 2. The basic idea
of the proof is that the worst-case senario is when m is on a closed geodesic C of
minimal length 2², and B is centered at a point of pi−1(C ). Then B can contain n+1
points in pi−1(C ) where n = bµ/2²c; using that n+1 ≤ µ/² then gives (4.4). We now
give the detailed proof.
If m ∈ Mthick, then any pair of distinct points in pi−1(m) are distance at least µ
apart, and hence at most one is in the open ball B ; as µ/²≥ 2, we have proven (4.4)
in this case.
If m ∈ Mthin, it lies in some tube T about a short closed geodesic C . The com-
ponents of pi−1(T ) are radius R neighborhoods about the various geodesic lines in
pi−1(C ). First, note that B ∩pi−1(M) must lie in a single component T˜ of pi−1(T ); let
γ ∈ Γ generate the stabilizer of T˜ . Pick a m˜0 ∈ T˜ ∩pi−1(m); then pi−1(m) consists of
γn ·m˜0 for n ∈Z. Adjust m˜0 if necessary so that m˜0 ∈B and any m˜n = γn ·m˜0 in B has
n ≥ 0. Since d(m˜0,m˜n)≥ n · len(C )≥ 2n², if m˜n ∈B we have n ≤µ/2². So there are at
most (µ/2²)+1 of the m˜i in B . Since 2²≤µ, we get
∣∣B ∩pi−1(m)∣∣≤µ/² as desired.
While the calculations in the proof of Lemma 4.3 are somewhat involved (unsur-
prisingly given the formula for ν(r )), the basic idea is simple and we sketch it now.
Using the natural series expansion for harmonic functions about p, we show that
after a suitable isometry ofH3 fixing p we have
df = aω+β
where a ∈R≥0, the 1-formω is a fixed and independent of f with
∣∣ωp ∣∣= 1, the 1-form
β vanishes at 0, and β is orthogonal to ω in L2
(
Br (p)
)
for all r . Then df p = aωp and
11
for each such B = Br (p) the orthogonality of ω and β implies a‖ω‖L2(B) ≤
∥∥df ∥∥L2(B).
Hence ∣∣∣df p ∣∣∣= ∣∣aωp ∣∣= a ≤
∥∥df ∥∥L2(B)
‖ω‖L2(B)
Thus we simply define ν(r ) to be ‖ω‖2
L2(Br (p))
and Lemma 4.3 will then follow by
calculating ν(r ) explicitly.
4.1 Series expansions of harmonic functions. We now describe in detail the key
tool used to prove Lemma 4.3: that every harmonic function f : H3 →R has a series
expansion in terms of a certain basis {Ψ`m} of harmonic functions centered around
p; throughout, see [Min1] or [EGM, §3.5] for details. Consider the spherical coordi-
nates (r,φ,θ) ∈ [0,∞)× [0,pi)× [0,2pi) on H3 centered about p; in these coordinates,
the metric is:
ds2
H3
= dr2+ sinh2(r )ds2S2 = dr2+ sinh2(r )
(
dφ2+ sin2(φ)dθ2)
For ` ∈Z≥0, define ψ` : R≥0 →R≥0 by
ψ`(r )=
Γ
(3
2
)
Γ(`+2)
Γ
(
`+ 32
) tanh` (r
2
)
· 2F1
(
−1
2
,`; `+ 3
2
; tanh2
(r
2
))
where 2F1 is the usual hypergeometric function andΨ0 is simply the constant func-
tion 1. If Y`m(φ,θ) for `≥ 0 and −`≤m ≤ ` are the usual basis for the real spherical
harmonics on S2, define:
Ψ`m =ψ`(r )Y`m(φ,θ)
These are harmonic functions on all of H3, and moreover every harmonic function
f : H3 →R has unique a`m ∈R so that
f =
∞∑
`=0
∑`
m=−`
a`mΨ`m (4.5)
where the series converges absolutely and uniformly on compact subsets ofH3. We
will use the following elementary properties of these functions:
4.5 Lemma.
(a) ψ`(r ) vanishes to order exactly ` at r = 0. Consequently, Ψ`m vanishes to
order exactly `−1 at p.
(b) On any ball B about p, the functionsΨ`m are orthogonal in L
2(B).
(c) The 1-forms ω`m = dΨ`m are also orthogonal in eachΩ1(B).
12
Proof. The claim (a) follows since tanh r2 = 12 r +O(r 2) for small r and in addition
2F1 (a,b; c; 0) = 1. The second claim (b) is an easy consequence of the fact that the
Y`m are orthonormal as elements of L
2
(
S2
)
. For part (c), we have
ω`m = d
(
ψ`Y`m
)= Y`m ∂ψ`
∂r
dr+ψ`dY`m
and then observing that the cross-terms vanish we get
ω`m ∧∗ωkn = Y`mYkn
∂ψ`
∂r
∂ψk
∂r
dVol+ψ`ψk dY`m ∧∗dYkn . (4.6)
To compute 〈ω`m , ωkn〉, we integrate the above over B and show it vanishes unless
(`,m) = (k,n). In fact, we argue that the integral of (4.6) over each S2 where r is
fixed is 0. For the first term on the right-hand side of (4.6) this follows immediately
from the orthogonality of the Y`m in L
2
(
S2
)
. For the second term, note that∗dYkn =(∗dYkn)∧dr where ∗ is the Hodge star operator on S2, and hence the real claim is
that 〈dY`m ,dYkn〉S2 vanishes. This can be deduced from the orthogonality of Y`m
and Ykn via
〈dY`m ,dYkn〉S2 =
〈
Y`m ,d
∗dYkn
〉
S2
= 〈Y`m ,∆S2 Ykn〉S2 = k(k+1)〈Y`m ,Ykn〉S2
where the last equality holds because Ykn is an eigenfunction of ∆S2 . This finishes
the proof of (c).
We now prove Lemma 4.3 using the approach sketched earlier.
Proof of Lemma 4.3. Let the a`m be the coefficients in the expansion (4.5) for f , and
note we get a corresponding expansion
df =
∞∑
`=1
∑`
m=−`
a`mω`m where ω`m = dΨ`m .
Here the series converges absolutely and uniformly on B , and henceforth we view
B as the domain of all our 1-forms. Defining
η= a1,−1ω1,−1+a1,0ω1,0+a1,1ω1,1
we see by Lemma 4.5(a) that ηp = df p . Because of the orthogonality of the ω`m
on B , we know
∥∥η∥∥L2 ≤ ∥∥df ∥∥L2 and so it suffices to prove (4.2) for η, or indeed for
the components of η. In fact, because we can use an isometry of H3 fixing 0 to
interchange the Y1,m , it suffices to establish (4.2) for the single form ω1,0, or indeed
any multiple of it. Thus Lemma 4.3 will follow immediately from the next result.
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4.6 Lemma. For the harmonic 1-form ω = p3pi · ω1,0 we have
∣∣ωp ∣∣ = 1 and
‖ω‖L2(Br (p)) = ν(r ).
Proof. Theψ` actually have alternate expressions in terms of elementary functions;
in the case of interest, using that
2F1
(
1/2,1; 3/2; x2
)= ∞∑
n=0
(1/2)n(1)n
(3/2)n
x2n
n!
=
∞∑
n=0
x2n
2n+1 =
arctanh(x2)
x
and applying two contiguous relations for hypergeometric functions yields
2F1
(−1/2,1; 5/2; x2)= 3
(
x3− (x2−1)2 arctanh(x)+x)
8x3
and hence
ψ1(r )= coth(r )− r csch2(r )= sinh(r )cosh(r )− r
sinh2(r )
= 2
3
r − 4
45
r 3+O(r 5).
As Y1,0 is
p
3/4picosφ, writing
ω=p3pi ·ω1,0 = 3
2
d
(
ψ1 cosφ
)
in terms of the orthonormal coframe
d̂r = dr d̂φ= sinh(r )dφ d̂θ = sinh(r )sin(φ)dθ
gives
ω= 3
2
((
∂rψ1
)
cos(φ)d̂r− ψ1 sin(φ)
sinh(r )
d̂φ
)
where ∂rψ1 = ∂ψ1
∂r
= 2 · r coth(r )−1
sinh2(r )
,
and hence
|ω|2 = 9
4
((
∂rψ1
)2 cos2(φ)+ ψ21 sin2φ
sinh2(r )
)
Approaching the origin along the ray φ= 0 gives:
∣∣ωp ∣∣= 3
2
lim
r→0
∂ψ1
∂r
= 3 lim
r→0
r coth(r )−1
sinh2(r )
= 1
14
Computing the L2-norm of ω on B gives
‖ω‖2L2 =
∫
B
|ω|2dVol=
∫ R
0
∫ pi
0
∫ 2pi
0
|ω|2 sinh2(r )sin(φ) dθdφdr
= 9pi
2
∫ R
0
∫ pi
0
(
∂rψ1
)2 sinh2(r )cos2(φ)sin(φ)+ψ21 sin3(φ) dφdr
= 3pi
∫ R
0
(
∂rψ1
)2 sinh2(r )+2ψ21 dr
= 6pi
∫ R
0
coth2(r )+2csch2(r )−6r coth(r )csch2(r )
+ r 2 csch2(r )(2coth2(r )+csch2(r ))dr
= 6pi(R+2R csch2(R)−coth(R)(R2 csch2(R)+1))
(4.7)
which proves the lemma.
5 Proof of Theorem 1.2
This section is devoted to the proof of
1.2 Theorem. For all closed orientable hyperbolic 3-manifolds M one has
pip
vol(M)
‖ · ‖Th ≤ ‖ · ‖L2 ≤
10pi√
inj(M)
‖ · ‖Th on H 1(M ;R). (1.2)
Proof of Theorem 1.2. We start with the lower bound in (1.2), where we use the two
guises of the least-area/L1–norm to mediate between the Thurston and harmonic
norms and thereby reduce the claim to the Cauchy-Schwarz inequality. Suppose
φ ∈ H 1(M) and let α be the harmonic 1-form representing φ. By Theorem 3.2 and
Lemma 3.1 we have
pi
∥∥φ∥∥Th ≤ ∥∥φ∥∥LA = ∥∥φ∥∥L1
From the definition of the L1-norm, we have
∥∥φ∥∥L1 ≤ ‖α‖L1 , and applying Cauchy-
Schwarz to the pair |α| : M →R and the constant function 1 gives
pi
∥∥φ∥∥Th ≤ ‖α‖L1 = ‖|α| ·1‖L1 ≤ ‖α‖L2‖1‖L2 = ‖α‖L2√vol(M) (5.1)
Since
∥∥φ∥∥L2 = ‖α‖L2 by definition, dividing (5.1) through by pvol(M) gives the first
part of (1.2).
The proof of the upper-bound in (1.2) is essentially the same as given in [BS¸V]
for the corresponding part of (1.1), but using the upgraded Theorem 4.1 to relate
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‖ · ‖L∞ and ‖ · ‖L2 and so give a sharper result. By continuity of the norms, it suffices
to prove the upper bound for φ ∈H 1(M ;Z). Using Theorem 3.2, fix a surface S dual
to φ of area at most 2pi
∥∥φ∥∥Th; by definition, this means that for every closed 2-form
β on M one has
∫
M β∧α=
∫
S β. Ifα is the harmonic representative ofφ, then d
∗α=
−∗d ∗α= 0, and so it follows that ∗α is closed. Hence
‖α‖2L2 =
∫
M
α∧∗α=
∫
M
∗α∧α=
∫
S
∗α
≤
∫
S
|∗α| dA=
∫
S
|α| dA≤
∫
S
‖α‖L∞ dA
≤ ‖α‖L∞ Area(S)≤ 2pi‖α‖L∞
∥∥φ∥∥Th.
(5.2)
Applying (4.1) from Theorem 4.1, we get
‖α‖2L2 ≤
10pi√
inj(M)
‖α‖L2
∥∥φ∥∥Th
Dividing through by ‖α‖L2 gives the upper bound in (1.2), proving the theorem.
5.1 The gauge theory viewpoint. As mentioned in the introduction, Kronheimer
and Mrowka found a striking relationship between the Thurston norm and har-
monic norms as one varies the Riemannian metric. Specifically, if h is a Rieman-
nian metric on M , let ‖ · ‖h denote the induced harmonic norm on H 1(M ;R). They
proved:
5.1 Theorem [KM2]. Suppose M is a closed oriented irreducible 3-manifold.
Then for all φ ∈H 1(M ;R) one has
4pi
∥∥φ∥∥Th = inf{ ‖sh‖h ·∥∥φ∥∥h ∣∣ h is a Riemannian metric on M } (5.3)
where sh is the scalar curvature of h.
Theorem 5.1 above is equivalent to Theorem 2 of [KM2], as we explain below. Kro-
nheimer and Mrowka pointed out to us that, in this form, specializing (5.3) to a
hyperbolic metric h on M gives
2pi
3
p
vol(M)
‖ · ‖Th ≤ ‖ · ‖L2
since the scalar curvature of a hyperbolic metric is −6; this is only slightly weaker
than the first inequality of (1.2).
Theorem 5.1 gives another perspective on Theorem 1.2, namely that (1.2) bounds,
from above and below, how close the hyperbolic metric can be to realizing the in-
fimum in (5.3). Theorem 5.1 is a corollary of previous deep work of Kronheimer
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and Mrowka [KM1] which in turn depends on results of Gabai [Gab], Eliashberg-
Thurston [ET], and Taubes [Tau]. In contrast, our proof here of the first inequality
of (1.2) uses only some basic facts about minimal surfaces. It would be very inter-
esting to try to extend our approach to arbitrary metrics and prove results along the
lines of Theorem 5.1; if successful, this would provide a new perspective on their
results.
Proof of Theorem 5.1. Here is why Theorem 5.1 is equivalent to Theorem 2 of [KM2],
which is stated in terms of the dual Thurston norm on H 2(M ;R). Recall that for
a norm x on a finite-dimensional real vector space V , the dual norm x∗ on V ∗ is
defined by
x∗(ψ)= sup{ψ(v) ∣∣ v ∈V with x(v)≤ 1}
Theorem 2 of [KM2] says that for all ψ ∈H 2(M ;R) one has
∥∥ψ∥∥∗Th = 4pisup
h
∥∥ψh∥∥h
‖sh‖h
(5.4)
where ‖ · ‖∗Th on H 2(M ;R) is the norm dual to the usual Thurston norm on H2(M ;R).
It is not hard to show that the harmonic norms on H 1(M ;R) and H 2(M ;R) are dual
for any fixed h. Hence if ch = ‖sh‖h/4pi the norm ch‖ · ‖h on H 1(M ;R) is dual to
1
ch
‖ · ‖h on H 2(M ;R). The equivalence of (5.3) and (5.4) now follows from the fol-
lowing simple fact: if xn are norms on V where x = sup xn is finite on V , then x is a
norm with x∗ = inf x∗n .
6 Families of examples
This section is devoted to proving Theorems 1.3 and 1.4, starting with the former as
it is easier.
1.3 Theorem. There exists a sequence of Mn and φn ∈H 1(Mn ;R) so that
(a) The quantities vol(Mn) and inj(Mn) both go to infinity as n does.
(b) The ratio ‖φn‖Th‖φn‖L2
p
vol(Mn )
is constant.
Proof of Theorem 1.3. The examples Mn will be built from a tower of finite covers,
where the φn are pullbacks of some fixed class φ0 ∈ H 1(M0). To analyze that situa-
tion, first consider a degree d covering map pi : M˜ →M and some φ ∈H 1(M); as we
now explain, the norms of φ and pi∗(φ) differ by factors depending only on d . If α
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is the harmonic representative of φ, then as being in the kernel of the Laplacian is
a local property, the form pi∗(α) must be the harmonic representative of pi∗(φ). It
follows that ∥∥pi∗(φ)∥∥L2 =pd ·∥∥φ∥∥L2 .
In contrast, it is a deep theorem of Gabai [Gab, Cor. 6.13] that∥∥pi∗(φ)∥∥Th = d ·∥∥φ∥∥Th
Thus, the ratio
‖ · ‖Th
‖ · ‖L2
p
vol( · )
is the same for both (M ,φ) and
(
M˜ ,pi∗(φ)
)
.
To prove the theorem, let M0 be any closed hyperbolic 3-manifold with a nonzero
class φ0 ∈H 1(M0) and choose a tower of finite covers
M0 ←M1 ←M2 ←M3 ←···
where inj(Mn)→∞; this can be done since pi1(M0) is residually finite, indeed resid-
ually simple, see e.g. [LR].
Taking φn ∈H 1(Mn) to be the pullback of φ, we have constructed pairs (Mn ,φn)
which have all the claimed properties.
6.1 Harmonic forms on tubes. To prove Theorem 1.4, we will need:
6.1 Lemma. Suppose V is a tube in a closed hyperbolic 3-manifold M with a core
C of length ² and depth R. If α is a harmonic 1-form on M with
∫
C α= 1 then
‖α|V ‖L2 ≥
√
2pi
²
log(coshR) (6.1)
Before proving the lemma, we give coordinates on the tube V and do some pre-
liminary calculations. Specifically, consider cylindrical coordinates (r,θ, z) ∈ [0,R]×
[0,2pi]× [0,²] with the additional identification (r,θ,²)∼ (r,θ+θ0,0), where the twist
angle θ0 is determined by the geometry of the tube; the metric on V is then given by
gH3 = dr2+ sinh2(r )dθ2+cosh2(r )dz2
Since {dr, sinh(r )dθ,cosh(r )dz} gives an orthonormal basis of 1-forms at each point
of V , we have
Vol(V )=
∫
V
dVol=
∫ ²
0
∫ 2pi
0
∫ R
0
sinh(r )cosh(r )drdθdz=pi²sinh2(R) (6.2)
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Note that the form dz is compatible with the identification of z = 0 with z = ², giving
a 1-form on V . Now the form dz is closed and also coclosed since
d∗(dz)=−∗d ∗dz=−∗d( tanh(r )dr∧dθ)=−∗0= 0
and hence dz is harmonic. Notice ω = 1
²
dz is a reasonable candidate for α|V in
Lemma 6.1 as
∫
C ω= 1. For this form, we have
‖ω‖2L2 =
∫
V
ω∧∗ω= 1
²2
∫
V
dz∧ ( tanh(r )dr∧dθ)
= 1
²2
∫ ²
0
∫ 2pi
0
∫ R
0
tanh(r )drdθdz= 2pi
²
log(coshR)
(6.3)
Thus Lemma 6.1 can be interpreted as saying that the harmonic norm of α|V is at
least that of this explicit ω, and we take this viewpoint in the proof itself.
Proof of Lemma 6.1. From now on, we denote α|V by α and we use only that α is
closed, coclosed, and
∫
C α= 1. There is an action of G = S1×S1 on V by isometries,
namely translations in the θ and z coordinates. First, we show it suffices to prove
the lemma for the average of α under this action, namely
α=
∫
G
g∗(α)dg where dg is Haar measure on G .
The advantage of α will be that it must be G-invariant. Note that α can be C∞-
approximated by finite averages over suitably chosen finite subsets {gi } of G :
α≈ 1
N
N∑
i
g∗i (α) (6.4)
and from this it follows that α is closed, coclosed, and
∫
C α= 1. Moreover, since all∥∥g∗i (α)∥∥L2 = ‖α‖L2 , the triangle inequality applied to (6.4) gives that ∥∥α∥∥L2 ≤ ‖α‖L2 .
This shows we need only consider the G-invariant form α.
We next show thatα is equal toω= 1
²
dz; combined with the calculation of ‖ω‖L2
in (6.3), this will establish the lemma. Since the 1-forms {dr,dθ,dz} are G-invariant,
it follows that α can be expressed as
α= a(r )dr+b(r )dθ+ c(r )dz
Using that dα = 0, we get that b and c must be constants; as |dθ| = 1/sinh(r ), we
must further have b = 0 so that α makes sense along the core C where r = 0. As α is
coclosed, we learn that
0= d(∗α)= d(a(r )sinh(r )cosh(r )dθ∧dz+ c tanh(r )dr∧dθ)
= ∂
∂r
(
a(r )sinh(r )cosh(r )
)
dr∧dθ∧dz
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Figure 1. The exterior W of the link L = L14n21792 above is one example that satisfies
the conditions used in the proof of Theorem 1.4. Using [CDGW, HIKMOT], one can
show W is hyperbolic with volume≈ 9.67280773079. The maps H1(Ti ;Z)→H1(W ;Z)
are isomorphisms since the two components of L have linking number 1. Using
SnapPy [CDGW], one checks that W is the orientation cover of the nonorientable
census manifold X = x064. As ∂X is a torus and H1(X ;Z) = Z2, the nontrivial cover-
ing transformation of W → X must interchange the two components of ∂W and act
trivially on H1(W ;Z), giving us the needed symmetry of W . Finally, a presentation
for pi(X ) is
〈
a,b
∣∣ a2bab−2a−1b2a−1ba−1b−2 = 1〉, and applying [Bro] to compute
the BNS invariant shows there are many homomorphisms pi1(X ;Z)→Z with finitely
generated kernel and hence both X and W fiber over the circle by [Sta].
Consequently, a(r )sinh(r )cosh(r ) is constant. Moreover, that constant must be 0 to
prevent a(r ) from blowing up as r → 0. So we know α= cdz and finally that c must
be 1/² to ensure
∫
C α= 1. So α is equal to ω as claimed, proving the lemma.
1.4 Theorem. There exists a sequence of Mn and φn ∈H 1(Mn ;R) so that
(a) The volumes of the Mn are uniformly bounded and inj(Mn)→ 0 as n →∞.
(b)
∥∥φn∥∥L2/∥∥φn∥∥Th →∞ like√− log( inj(Mn)) as n →∞.
Proof of Theorem 1.4 . Our examples are made by Dehn filling a certain 2-cusped
hyperbolic 3-manifold. Let W be a compact manifold with ∂W = T1 unionsq T2 where
both Ti are tori, whose interior is hyperbolic, which fibers over the circle, and where
maps H1(Ti ;Z)→H1(W ;Z) are isomorphisms. (The last condition should be inter-
preted as saying that W is homologically indistinguishable from T × I .) Further,
we require that W has an orientation-reversing involution that interchanges the Ti
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and acts on H1(W ;Z) by the identity. One such W is described in Figure 1. Since
W fibers, there is a 1-dimensional face F of the Thurston norm ball so that any
φ ∈ H 1(W ;Z) in the cone CF = R>0 ·F can be represented by a fibration. Choose
α,β ∈ CF that form an integral basis for H 1(W ;Z), and let a,b ∈ H1(W ;Z) be the
dual homological basis where α(a) = β(b) = 1 and α(b) = β(a) = 0. Let Mn be the
closed manifold obtained by Dehn filling W along the curves in Ti homologically
equal to a−nb; since W is a Z-homology T × I , it follows that H 1(Mn ;Z) is Z and
is generated by the extension φn of φ˜n = nα+β to Mn . We will show there are con-
stants c1,c2 > 0 so that
(i) For all n, we have
∥∥φn∥∥Th = n‖α‖Th+∥∥β∥∥Th−2.
(ii) For large n, the manifold Mn is hyperbolic. Moreover, we have vol(Mn) →
vol(W ) and inj(Mn)∼ c1n2 as n →∞.
(iii) For large n, there is a tube Vn in Mn with core geodesic γn of length 2inj(Mn),
with depth Rn ≥ arcsinh(c2n), and where
∫
γn
φn = 1.
Here is why these three claims imply the theorem. From (ii) and (iii), an easy calcu-
lation with Lemma 6.1 gives a c4 > 0 so that∥∥φn∥∥L2 ≥ ∥∥φn |Vn∥∥L2 ≥ c4n√logn for all large n. (6.5)
Combining (6.5) with (i-iii) now gives both parts of Theorem 1.4. So it remains to
prove the claims (i-iii).
For (i), first note that since ‖ · ‖Th is linear on CF we have∥∥φ˜n∥∥Th = n‖α‖Th+∥∥β∥∥Th
Let S˜n be a fiber in the fibration dual to φ˜n , and hence χ−
(
S˜n
) = ∥∥φ˜n∥∥Th by [Thu2,
§3].
For homological reasons, the boundary of S˜n has only one connected compo-
nent in each Ti . Thus S˜n can be capped off with two discs to give a surface Sn ⊂Mn
which is a fiber in a fibration of Mn over the circle. Hence∥∥φn∥∥Th =χ−(Sn)=χ−(φ˜n)−2= ∥∥φ˜n∥∥Th−2= n‖α‖Th+∥∥β∥∥Th−2
proving claim (i).
Starting in on (ii), the Hyperbolic Dehn Surgery Theorem [Thu1] shows that Mn
is hyperbolic for large n and that vol(Mn) converges to vol(W ). Moreover, for large
enough n, the cores of the Dehn filling solid tori are isotopic to the two shortest
geodesics in Mn . In fact, these core geodesics have the same length: the required
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(a) Generators of H1(S;Z)
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b c d
e
(b) Curves for Dehn twisting
Figure 2. Conventions for the genus 2 surface S.
involution of W extends to Mn and thus give an isometry of Mn which interchanges
them. Let γn ⊂ Mn be the core geodesic inside T1. Using [NZ, Proposition 4.3]
one can show that there is a constant c1 > 0 so that length(γn) ∼ 2c1n2 as n → ∞.
As 2inj(Mn)= length(γn), we have shown (ii).
Finally, for (iii), first note that γn meets the fiber surface Sn in a single point,
giving
∫
γn
φn = 1 if we orient γn suitably. So it remains only to estimate the depth
Rn of the Margulis tube Vn about γn . Let V ′n be the image of Vn under the above
involution of Mn . The picture from the Hyperbolic Dehn Surgery Theorem shows
that the geometry of Mn outside the VnunionsqV ′n converges to that of a compact subset of
W . As vol(Mn)→ vol(W ), we must have that the volume of Vn converges as n →∞.
A straightforward calculation using (6.2) now gives the lower bound on Rn claimed
in (iii).
7 Proof of Theorem 1.5
This section is devoted to proving:
1.5 Theorem. There exist constants C1,C2,²1 > 0 and a sequence of closed hyper-
bolic 3-manifolds Mn with vol(Mn)→∞where for all n:
(a) inj(Mn)> ²1,
(b) b1(Mn)= 1,
(c)
∥∥φn∥∥Th >C1eC2 vol(Mn ) where φn is a generator of H 1(Mn ;Z).
We first outline the construction of the Mn , sketch why they should have the desired
properties, and finally fill in the details. In contrast with the rest of this paper, in this
section, all (co)homology groups will use Z coefficients.
7.1 The construction. Let S be a fixed surface of genus 2. We use the basis ei for
H1(S) shown in Figure 2(a); we take e i to be the algebraically dual basis of H 1(S),
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that is, the one where e i (e j ) = δi j . Let W be a compact hyperbolic 3-manifold
with totally geodesic boundary, where ∂W has genus 2 and the map H1(∂W ) →
H1(W ) is onto; one possible choice for W is the tripus manifold of [Thu3, §3.3.12].
Note that homologically W is indistinguishable from a genus 2 handlebody. Let
W1 and W2 be two copies of W whose boundaries have been marked by S so that
ker(H1(S)→H1(W1)) = 〈e2,e4〉 and ker(H1(S)→H1(W2)) = 〈e2,e3〉. Thus H1(W1) is
spanned by the images of e1 and e3 and so H 1(W1) is spanned by natural extensions
of e1 and e3. For a carefully chosen pseudo-Anosov f : S → S, the examples used in
Theorem 1.5 are
Mn =W1∪ f n W2 =W1unionsqW2
/
(x ∈ ∂W1)∼ ( f n(x) ∈ ∂W2)
We first sketch the requirements on f and the overall structure of the argument.
Note that our particular markings mean that H 1(M0)= Z=
〈
e1
〉
, where we are tak-
ing f 0 to be the identity map on S. The key requirement is that f ∗ : H 1(S)→ H 1(S)
preserves the subspace
〈
e1,e3
〉
and acts on it as an Anosov matrix in SL2Z. We will
also arrange that H 1(Mn) = Z =
〈
φn
〉
for all n. Since the action of f ∗ on
〈
e1,e3
〉
is
complicated, the coefficients ofφn with respect to {e1,e3} will grow exponentially in
n. This will force the restriction of φn to W1 to have Thurston norm which is expo-
nential in n, and a standard lemma will then give that φn itself has Thurston norm
which is exponential in n. We will also show that vol(Mn) grows (essentially) linearly
in n, and combining these will give part (c) of Theorem 1.5.
The specific choice we make for f is given in the next lemma.
7.1 Lemma. There exists a pseudo-Anosov f : S → S whose action f∗ on H1(S) is
given by
B =

3 0 1 0
1 0 0 −1
−1 0 0 0
1 1 1 3

Proof. The homomorphismMCG (S)→Aut(H1(S)) induced by taking the action of
a mapping class on homology is onto the symplectic group of the form given by
J =

0 −1 0 0
1 0 0 0
0 0 0 1
0 0 −1 0

where we are following the conventions given in Figure 2(a). It is easy to check that
B t JB = J , and so there is some f ∈MCG (S) with f∗ =B . Composing f with a com-
plicated element of the Torelli group if necessary, we can arrange that f is pseudo-
Anosov as required.
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Alternatively, consider the following product of Dehn twists:
f = τa ◦τ−1d ◦τc ◦τ−1b ◦τd ◦τ−1c ◦τ−1e
where the curve labeling conventions for the right-handed Dehn twists τ follow
Figure 2(b). An easy calculation gives f∗ = B , and using [BHS, CDGW, HIKMOT]
one can rigorously verify that the mapping torus of f is hyperbolic with volume
≈ 7.51768989647; in particular, f is pseudo-Anosov.
The precise technical statements needed to prove Theorem 1.5 are the following
three lemmas.
7.2 Lemma. For all n, the group H 1(Mn) ∼= Z is generated by φn = ane1 + cne3
where both an and cn grow exponentially in n at a rate of λ= 3+
p
5
2 ≈ 2.62.
7.3 Lemma. The manifolds Mn are all hyperbolic with injectivity radius bounded
uniformly below, and vol(Mn)³ n as n →∞.
7.4 Lemma. Suppose M 3 is a closed irreducible 3-manifold. Suppose F ⊂M is an
incompressible surface dividing M into submanifolds A and B . For all φ ∈H 1(M)
we have ∥∥φ∥∥Th ≥ ∥∥φA∥∥Th+∥∥φB∥∥Th
where φA and φB are the images of φ in H 1(A) and H 1(B) respectively.
We first prove Theorem 1.5 assuming the lemmas, and then establish each of
them in turn.
Proof of Theorem 1.5. By Lemma 7.4, if φn denotes the restriction of φn to H
1(W1),
we have ∥∥φn∥∥Th ≥ ∥∥∥φn∥∥∥Th
Since W1 is hyperbolic with totally geodesic boundary, it is atoroidal and acylindri-
cal and hence the Thurston norm on H 1(W1) is nondegenerate. As any two norms
on a finite-dimensional vector space are uniformly comparable, Lemma 7.2 gives
that
∥∥∥φn∥∥∥Th ³ λn as n →∞. Since vol(Mn)³ n by Lemma 7.3, we have that ∥∥φn∥∥Th
grows exponentially in vol(Mn) as required.
7.5 Remark. In fact, working a little harder one can make the rate of exponential
growth explicit, namely
log
∥∥φn∥∥Th > 0.348 ·vol(Mn) for large n. (7.1)
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Specifically, take f to be the map constructed in the second proof of Lemma 7.1.
If we use [Tian] in the manner of [Nam, Chapter 12] to get a refined version of the
model for Mn , it follows that vol(Mn)/n limits to vol(M f )≈ 7.51768989. Combining
with the explicit formula for λ in Lemma 7.2 gives (7.1).
Proof of Lemma 7.2. First, we show that H 1(Mn)=Z for all n, and moreover identify
the generator φn in terms of the basis e i for H 1(S). (The stronger claim H1(Mn)∼=Z
is also true, but we have no need for this here.) Let
F = f ∗ =B t =

3 1 −1 1
0 0 0 1
1 0 0 1
0 −1 0 3

By Mayer-Vietoris, we have
H 1(Mn)= image
(
H 1(W1)→H 1(S)
)∩ ( f ∗)n( image(H 1(W2)→H 1(S)))
= 〈e1,e3〉∩〈F n(e1),F n(e4)〉 (7.2)
Notice that F preserves the subspace
〈
e1,e3
〉
and acts there by the matrix
F =
(
3 −1
1 0
)
which is an Anosov matrix in SL2Z. For n = 0, the intersection in (7.2) is〈
e1,e3
〉∩〈e1,e4〉= 〈e1〉 .
Hence, for general n the intersection is spanned by F n(e1) which is ane1 + cne3
where
F
n =
(
an bn
cn dn
)
Thus H 1(Mn) = Z as claimed, with generator φn restricting to H 1(W1) as ane1 +
cne3, where an and cn grow exponentially in n, specifically at a rate λ = 3+
p
5
2 ≈
2.618034.
Proof of Lemma 7.3. Though a geometric limit argument could be given to verify
the injectivity radius and volume claims, we refer for efficiency to the main result
of [BMNS] for a bi-Lipschitz model for the manifolds Mn . Following the terminol-
ogy of [BMNS], the decorated manifoldsM are the pair of acylindrical manifolds W1
and W2 with totally geodesic boundary, the decorationsµ1 andµ2 on the boundaries
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∂W1 and ∂W2 can be taken to be bounded length markings in the induced hyper-
bolic structure on each boundary component, and the gluing map is f n as above.
The large heights condition in Theorem 8.1 of [BMNS] is evidently satisfied since
the curve complex distance
dC (∂W2)
(
f n(µ1),µ2
)
grows linearly with n and likewise for
(
µ1, f n(µ2)
)
inC (∂W1). Furthermore, the pair(
f n(µ1),µ2
)
has R-bounded combinatorics, where R is independent of n, for the
following reason. Picking points X and Y in the Teichmüller space of S where µ1
and µ2 have bounded length, the quasi-fuchsian manifolds Q
(
f n(Y ), X
)
converge
strongly to a manifold N with injectivity radius bounded below by [McM, Corol-
lary 3.13]. Thus there is a uniform lower bound on the injectivity radii of the ap-
proximates Q( f n(Y ), X ). Applying the Bounded Geometry Theorem [Min2] to the
Q( f n(Y ), X ) gives the needed uniform upper bound on the distance between f n(µ1)
and µ2 in any subsurface projection.
The model manifold for the (M ,R)-gluing Xn determined by these data is as fol-
lows. Let M˜ f be the fiber cover of the mapping torus M f and let M˜ f [0,1] be a fun-
damental domain for the action of f as an isometric covering translationα f : M˜ f →
M˜ f bounded by a choice of fiber and its translate by α f . Defining M˜ f [k,k + 1] to
be αkf (M˜ f [0,1]), we use M˜ f [0,n] to denote the union of n successive such funda-
mental domains. Then the model manifold MXn is the gluing of W1 and W2 along
their boundary to M˜ f [0,n] in the manner described in [BMNS, §2.15]. Given that
M˜ f is periodic, we know that inj(MXn ) is bounded below independent of n and that
vol(MXn )∼ vol(M f ) ·n as n →∞.
Now Theorem 8.1 of [BMNS] gives a K so that for all large n there is a K –bi-
Lipschitz diffeomorphism
fXn : MXn →Mn
Combined with the above facts about the geometry of MXn , this gives the claimed
properties for Mn and so proves the lemma.
Proof of Lemma 7.4. Let S ⊂M be a surface dual to φ which is taut, that is, the sur-
face S realizes
∥∥φ∥∥Th, is incompressible, and no union of components of S is sep-
arating. As F and S are incompressible, we can isotope S so that F ∩S consists of
curves that are essential in both S and F ; in particular, every component of S \F has
non-positive Euler characteristic. As S∩ A and S∩B are dual to φA and φB respec-
tively, we have∥∥φ∥∥Th =−χ(S)=−χ(S∩ A)−χ(S∩B)=χ−(S∩ A)+χ−(S∩B)≥ ∥∥φA∥∥Th+∥∥φB∥∥Th
as desired.
26
References
[BHS] M. Bell, T. Hall, and S. Schleimer. Twister (Computer Software). https:
//bitbucket.org/Mark_Bell/twister/
[BS¸V] N. Bergeron, S¸engün, Mehmet Haluk, and A. Venkatesh. Torsion ho-
mology growth and cycle complexity of arithmetic manifolds. Duke
Math. J. 165 (2016), 1629–1693. arXiv:1401.6989.
[BMNS] J. Brock, Y. Minsky, H. Namazi, and J. Souto. Bounded combinatorics
and uniform models for hyperbolic 3-manifolds. J. Topol. 9 (2016),
451–501. arXiv:1312.2293.
[BD] J. F. Brock and N. M. Dunfield. Injectivity radii of hyperbolic in-
teger homology 3-spheres. Geom. Topol. 19 (2015), 497–523.
arXiv:1304.0391.
[Bro] K. S. Brown. Trees, valuations, and the Bieri-Neumann-Strebel invari-
ant. Invent. Math. 90 (1987), 479–504.
[Che] J. Cheeger. Analytic torsion and the heat equation. Ann. of Math. (2)
109 (1979), 259–322.
[CDGW] M. Culler, N. M. Dunfield, M. Goerner, and J. R. Weeks. SnapPy v2.3,
a computer program for studying the geometry and topology of 3-
manifolds. http://snappy.computop.org
[CS] M. Culler and P. B. Shalen. Margulis numbers for Haken manifolds.
Israel J. Math. 190 (2012), 445–475. arXiv:1006.3467.
[ET] Y. M. Eliashberg and W. P. Thurston. Confoliations, volume 13 of Uni-
versity Lecture Series. American Mathematical Society, Providence, RI,
1998.
[EGM] J. Elstrodt, F. Grunewald, and J. Mennicke. Groups acting on hyperbolic
space. Springer Monographs in Mathematics. Springer-Verlag, Berlin,
1998. Harmonic analysis and number theory.
[FHS] M. Freedman, J. Hass, and P. Scott. Least area incompressible surfaces
in 3-manifolds. Invent. Math. 71 (1983), 609–642.
[Gab] D. Gabai. Foliations and the topology of 3-manifolds. J. Differential
Geom. 18 (1983), 445–503.
27
[Has1] J. Hass. Surfaces minimizing area in their homology class and group
actions on 3-manifolds. Math. Z. 199 (1988), 501–509.
[Has2] J. Hass. Acylindrical surfaces in 3-manifolds. Michigan Math. J. 42
(1995), 357–365.
[HIKMOT] N. Hoffman, K. Ichihara, M. Kashiwagi, H. Masai, S. Oishi, and
A. Takayasu. Verified computations for hyperbolic 3-manifolds. Exp.
Math. 25 (2016), 66–78. arXiv:1310.3410.
[KM1] P. B. Kronheimer and T. S. Mrowka. Monopoles and contact structures.
Invent. Math. 130 (1997), 209–255.
[KM2] P. B. Kronheimer and T. S. Mrowka. Scalar curvature and the Thurston
norm. Math. Res. Lett. 4 (1997), 931–937.
[LR] D. D. Long and A. W. Reid. Simple quotients of hyperbolic 3-manifold
groups. Proc. Amer. Math. Soc. 126 (1998), 877–880.
[McM] C. T. McMullen. Renormalization and 3-manifolds which fiber over
the circle, volume 142 of Annals of Mathematics Studies. Princeton
University Press, Princeton, NJ, 1996.
[Mey] R. Meyerhoff. A lower bound for the volume of hyperbolic 3-manifolds.
Canad. J. Math. 39 (1987), 1038–1056.
[Min1] K. Minemura. Harmonic functions on real hyperbolic spaces. Hi-
roshima Math. J. 3 (1973), 121–151.
[Min2] Y. N. Minsky. Bounded geometry for Kleinian groups. Invent. Math.
146 (2001), 143–192. arXiv:math/0105078.
[Mor] F. Morgan. Geometric measure theory. Elsevier/Academic Press, Ams-
terdam, fourth edition, 2009. A beginner’s guide.
[Mül] W. Müller. Analytic torsion and R-torsion of Riemannian manifolds.
Adv. in Math. 28 (1978), 233–305.
[Nam] H. Namazi. Heegaard splittings and hyperbolic geometry. PhD thesis,
Yale University, 2005.
[NZ] W. D. Neumann and D. Zagier. Volumes of hyperbolic three-manifolds.
Topology 24 (1985), 307–332.
28
[Sch] R. Schoen. Estimates for stable minimal surfaces in three-dimensional
manifolds. In Seminar on minimal submanifolds, volume 103 of Ann.
of Math. Stud., pages 111–126. Princeton Univ. Press, Princeton, NJ,
1983.
[Sta] J. Stallings. On fibering certain 3-manifolds. In Topology of 3-manifolds
and related topics (Proc. The Univ. of Georgia Institute, 1961), pages 95–
100. Prentice-Hall, Englewood Cliffs, N.J., 1962.
[Tau] C. H. Taubes. SW⇒Gr: from the Seiberg-Witten equations to pseudo-
holomorphic curves. J. Amer. Math. Soc. 9 (1996), 845–918.
[Thu1] W. P. Thurston. The geometry and topology of 3-manifolds, 1978, 2002.
Lecture notes, 360 pages. http://www.msri.org/publications/
books/gt3m
[Thu2] W. P. Thurston. A norm for the homology of 3-manifolds. Mem. Amer.
Math. Soc. 59 (1986), i–vi and 99–130.
[Thu3] W. P. Thurston. Three-dimensional geometry and topology. Vol. 1, vol-
ume 35 of Princeton Mathematical Series. Princeton University Press,
Princeton, NJ, 1997. Edited by Silvio Levy.
[Tian] G. Tian. A pinching theorem on manifolds with negative curvature,
1990. Preprint, 23 pages.
[Uhl] K. Uhlenbeck. Minimal embeddings of surfaces in hyperbolic 3-
manifolds. preprint, 1980.
Jeffrey F. Brock
Dept. of Math.
Brown University
Box 1917
Providence, RI 02912, USA
email: jeff_brock@brown.edu
http://www.math.brown.edu/~brock/
Nathan M. Dunfield
Dept. of Math., MC-382
University of Illinois
1409 W. Green St.
Urbana, IL 61801, USA
email: nathan@dunfield.info
http://dunfield.info
